May 21, 2012 



Broue's abelian defect group conjecture holds for 
the double cover of the Higman-Sims sporadic simple group 



Shigeo Koshitani a *, Jiirgen Miiller b , Felix Noeske c 

a Department of Mathematics, Graduate School of Science, 
Chiba University, Chiba, 263-8522, Japan 
b,c Lehrstuhl D fur Mathematik, RWTH Aachen University, 52062 Aachen, Germany 

I 

Dedicated to the memory of Herbert Pahlings 

Abstract 

In the representation theory of finite groups, there is a well-known and important conjecture, due to 
Broue', saying that for any prime p, if a p-block A of a finite group G has an abelian defect group 
P, then A and its Brauer corresponding block B of the normaliser Ng(P) of P in G are derived 
equivalent. We prove in this paper, that Broue's abelian defect group conjecture, and even Rickard's 
splendid equivalence conjecture are true for the faithful 3-block A with an elementary abelian defect 
group P of order 9 of the double cover 2.HS of the Higman-Sims sporadic simple group. It then turns 
out that both conjectures hold for all primes p and for all p-blocks of 2.HS. 

Keywords: Broue's conjecture; abelian defect group; splendid derived equivalence, double cover of the 
Higman-Sims sporadic simple group. 



1. Introduction and notation 

In the representation theory of finite groups, one of the most important and interesting problems 
is to give an affirmative answer to a conjecture which was introduced by Broue around 1988 
[5]. He actually conjectures the following, where the various notions of equivalences used are 
recalled more precisely in 11.81 

Conjecture 1.1 (Broue's Abelian Defect Group Conjecture [5]). Let (IC,0,k) be a splitting 
p-modular system, where p is a prime, for all subgroups of a finite group G. Assume that A is 
a block algebra of OG with a defect group P and that An is a block algebra of ONq(P) such 
that Apf is the Brauer correspondent of A, where Ng{P) is the normaliser of P in G. Then A 
and An should be derived equivalent provided P is abelian. 

In fact, a stronger conclusion than II .11 is expected: 

Conjecture 1.2 (Rickard's Splendid Equivalence Conjecture [46l|47]). Keeping the notation, 
we suppose that P is abelian as in 11.11 Then there should be a splendid derived equivalence 
between the block algebras A of OG and An of ONq(P). 
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There are several cases where the coni ectures 11.11 and 11.21 have been verified, albeit the general 
conjecture is widely open; for an overview, containing suitable references, see [7]. As for general 
results concerning blocks with a fixed defect group, by [28] |45] |49j [50] conjectures 11.11 and 11.21 
are proved for blocks with cyclic defect groups in arbitrary characteristic. 

Moreover, in [17l (0.2)Theorem] it is shown that II. ll and II .21 are true for the principal block 
algebra of an arbitrary finite group when the defect group is elementary abelian of order 9. In 
view of the strategy used in [17] , and of a possible future theory reducing 11.11 and 11.21 to the 
quasi-simple groups, it seems worth-while to proceed with this class of groups, as far as non- 
principal 3-blocks with elementary abelian defect group of order 9 are concerned. Indeed, for 
these cases there are partial results already known, see (T3J [20J [2TJ [22l [24, 26, 38] for instance. 
The present paper is another step in that programme, our main result being the following: 

Theorem 1.3. Let G be the double cover 2.HS of the Higman-Sims sporadic simple group, and 
let (/C, O, k) be a splitting 3-modular system for all subgroups of G. Suppose that A is the faithful 
block algebra of OG with elementary abelian defect group P — C3 x C3 of order 9, and that B 
is a block algebra of ONg(P) such that B is the Brauer correspondent of A. Then, A and B 
are splendidly derived equivalent, hence the coniectures W.W and \1.2\ of Broue and Rickard hold. 

As an immediate corollary we get: 

Corollary 1.4. Broue's abelian defect group coniecture W.W and even Rickard's splendid equiv- 
alence coniecture \1.2\ are true for all primes p and for all block algebras of OG. 

Our strategy to prove 1X731 is similar to the ones pursued, for example, for the Janko sporadic 
simple group J4 in 22, 1.6. Theorem] or the Harada-Norton sporadic simple group HN in [24l 
1.3. Theorem]. Our starting point was actually to realise that the 3-decomposition matrix of A 
coincides (up to a suitable order of rows and columns) with the 3-decomposition matrix of the 
principal 3-block A' of the alternating group 2ts on 8 letters: 



A 


A' 




176 


1 


1 










176* 


7 




1 








616 


14 


1 




1 






616* 


20 




1 


1 






56 


28 








1 




1000 


35 










1 


1792 


56 


1 


1 


1 




1 


1232 


64 


1 






1 


1 


1232* 


70 




1 




1 


1 



Here, we indicate ordinary irreducible characters just by their degrees, and complex conjugation 
by *. Therefore, it is quite natural to suspect that the block algebras A and A' arc Morita 
equivalent, or even Puig equivalent. If this were true, then since con j ectures 1 1 . 1 1 and 1 1 ■ 2l have 
been solved for A' in [5T] 32] , this would immediately entail their validity for A as well. Indeed, 
we are able to prove: 

Theorem 1.5. We keep the notation and the assumptions as in 11.31 and let G' — 2ts be the 

alternating group on 8 letters. Then, the block algebra A of OG and the principal block algebra 
A' of OG' are Puig equivalent. 

Remark 1.6. A few remarks on ll.5l arc appropriate: 

(a) In order to prove ITTBI in its full strength, the detailed local analysis leads to a problem 
similar to the one already encountered in [22, 6. 14. Question]: Viewing G and G' as (unrelated) 
abstract groups would only allow to prove that the block algebras A and A' are Morita equiva- 
lent, but not necessarily Puig equivalent. In its consequence this would mean that we were only 
able to verify Broue's conjecture 11.11 but not Rickard's conjecture 11.21 for G. To remedy this, 
and to circumvent [22] 6. 14. Question], we use the fact that G' can be embedded as a subgroup 
into G, leading to an explicit configuration of groups allowing for compatible local analysis. 



(b) Note that complex conjugation induces a non-trivial permutation both on the irreducible 
ordinary and Brauer characters of A; in terms of columns of the decomposition matrix this 
amounts to interchanging the first two columns. But all ordinary and Brauer characters of A' 
are real- valued. Hence the Puig equivalence asserted by 11.51 does not commute with the self- 
equivalences of the module categories of A and A' induced by taking contragredient modules. 

Actually, our proof of [T75] provides two distinct Puig equivalences, one inducing the bijection 
between the simple A- and A'-modules as indicated in the decomposition matrix above, the 
other one inducing the bijection obtained by interchanging its first two columns. 

(c) As far as we have experienced, it looks that most of all non-principal 3-blocks with 
elementary abelian defect group P of order 9 are just Morita equivalent to certain principal 
3-blocks with defect group P, see [201 [21] [22j [21], for instance. One might be tempted to 
say that these non-principal blocks are pseudo-principal. So, the non-principal block algebra A 
considered here is even pseudo-principal in two ways, each leading to different 'trivial' character; 
and the principal block algebra A' is also pseudo-principal with a different 'trivial' character. 

However, there are non-principal 3-blocks of finite groups with defect group P which are not 
pseudo-principal in the above sense, that is they are not Morita equivalent to any principal 
3-block: For example, it has been already noted in [16j Remark 4.4] that the non-principal 
3-block with defect group P of the Higman-Sims sporadic simple group HS has this property, 
and the faithful 3-blocks of 4.M22 described in [35] have as well. 

Contents 1.7. This paper is organised as follows: In S[2]we recall a few of the most important 
ingredients of our proofs. In Sj3jwe present the local data related to G' = 2ls- In EJwe present 
the local data related to G = 2.HS, and relate the groups G' and G; in particular we comment 
on how the explicit embedding is achieved in a computational setting. In <j5]we proceed to give 
a stable equivalence for A and its Brauer correspondent. In S[6]we determine the images of the 
simple A- modules with respect to this stable equivalence. In $7] we finally complete the proofs 
of ll.3[ ITT41 and [TTBI and we also give details on the phenomena in 11.6( a) and 11.6( b). 

A further comment on the computational contents of the present paper is in order: As 
tools, we use the computer algebra system GAP [TO] , to calculate with permutation groups 
as well as with ordinary and Brauer characters. We also make use of the data library [4], in 
particular allowing for easy access to the data compiled in [8j [T2j [56] , and of the interface [55] 
to the data library [57]. Moreover, we use the computer algebra system MeatAxe [48] to handle 
matrix representations over finite fields, as well as its extensions to compute submodule lattices 
[32U37] . radical and socle series [35] . and homomorphism spaces, endomorphism rings and direct 
sum decompositions 33, 34] . 



Notation/Definition 1.8. (a) Throughout this paper, we use the standard notation and 
terminology as is used in [8j [39l [52]. We recall a few for convenience: 

If A and B are finite dimensional fc-algebras, where A: is a field, we denote by mod-A, 
A-vaod and A-mod-J5 the categories of finitely generated right A-modules, left A-modules and 
(A, i?)-bimodules, respectively. We write Ma, aM and aMb when M is a right ^4-module, a 
left A-module and an (A, i?)-bimodulc. A module always refers to a finitely generated right 
module, unless stated otherwise. We let M v = Hom^M^, A a) be the A-dual of the A-modulc 
M, so that M v becomes a left ^4-module via (a<f>)(m) — a-cf>(m) for a £ A, <fi £ M v and m £ M. 
We denote by soc(M) and rad(M) the socle and the radical of M, respectively. For simple A- 
modules Si, ■ ■ ■ ,S n , and positive integers aj., • • • , a n , we write that l M — a\ x Si + ■ ■ ■+a n xS n , 
as composition factors' 1 when the set of all composition factors are a\ times Si, ■ ■ ■ , a n times 

S n . For another A-module L, we write M L when M is isomorphic to a direct summand of L as 
an ^4-module. If A is self-injective, the stable module category mod - A is the quotient category 
of mod- A with respect to the projective ^-homomorphisms, that is those factoring through a 
projective module. 

By G we always denote a finite group, and we fix a prime number p. Assume that (/C, O, k) 
is a splitting p-modular system for all subgroups of G, that is to say, O is a complete discrete 
valuation ring of rank one such that its quotient field K, is of characteristic zero, and its residue 
field k = C/rad(C) is of characteristic p, and that JC and k are splitting fields for all subgroups 



of G. We denote by kc the trivial fcG-module. If X is a fcG-module, then we write X* = 
Honifc(X, k) for the contragredient of X, namely, X* is again a fcG-module via (ipg)(x) — 
i/?(cc<7 -1 ) for X* and g G G; if no confusion may arise we also call this the dual of X. 

Let -ff be a subgroup of G, and let M and iV be a fcG-module and an fcP-module, respectively. 
Then let M±% = M\, H be the restriction of M to H, and let = N\ G = (N ® kH kG) kG 

be the induction (induced module) of N to G. 

We denote by Irr(G) and IBr(G) the sets of all irreducible ordinary and Brauer characters 
of G, respectively; we write 1g for the trivial character of G. Since the character field Q(x) : = 
Q(x(<?) ; g G G) C /C of any character x G Irr(G) is contained in a cyclotomic field, we may 
identify Q(x) with a subfield of the complex number field C, hence we may think of characters 
having values in C. In particular, we write x* for the complex conjugate of x> where of course 
X* is the character of the /CG-module contragredient to the /CG-module affording \. If A is a 
block algebra of OG, then we write lrr(A) and IBr(A) for the sets of all characters in Irr(G) 
and IBr(G) which belong to A, respectively. 

(b) Let G 1 be another finite group, and let V be an (OG, OG')-bimodule. Then we can 
regard V as a right 0[G x G']-module via v-(g,g') — g~ 1 vg l for v G V and g,g' G G. We 
denote by AG = {(g,g) G G x G\g G G}. Let A and A be block algebras of OG and OG', 
respectively. Then we say that A and A' are Puig equivalent if A and A' have a common 
defect group P, and if there is a Morita equivalence between A and A' which is induced by an 
(A, A)-bimodule 971 such that, as a right 0[G x G']-module, 971 is a trivial source module and 
AP-projective. This is equivalent to a condition that A and A' have source algebras which are 
isomorphic as interior P-algcbras, see [HI Remark 7.5] and [31] Theorem 4.1]. We say that A 
and A' are stably equivalent of Morita type if there exists an (A, A)-bimodule 971 such that 
both ^971 and 971,4' are projective and that ^(971 ®a> 971 v )a = aAa © (proj (A, A)-bimod) and 
A > (97t v ® A 97I)a' = A' -4' A' © (proj (A', A)-bimod). We say that A and A' are splendidly stably 
equivalent of Morita type if A and A' have a common defect group P and the stable equivalence 
of Morita type is induced by an (A, A)-bimodule 971 which is a trivial source 0[G x G']-module 
and is AP-projective, see [31] Theorem 3.1]. 

We say that A and A' are derived equivalent (or Rickard equivalent) if D b (mod-A) and 
D b (mod-A) are equivalent as triangulated categories, where D b (mod-A) is the bounded derived 
category of mod-A In that case, there even is a Rickard complex M* G C 6 (A-mod-A'), where 
the latter is the category of bounded complexes of finitely generated (A, A')-bimodules, all of 
whose terms are projective both as left A-modules and as right A'-modules, such that M* ®a< 
(M'Y = A in K b (A-mod-A) and (AP) V ® A M* ^ A' in K b (A'-raod-A'), where K b (A-raod-A) 
is the homotopy category associated with C b (A-mod-A); in other words, in that case we even 
have K b (mod-A) = K b (mod-A). We say that A and A 1 are splendidly derived equivalent if 
K b (mod-A) and K b (mod-A') are equivalent via a Rickard complex M' G C b (A-mod-A') as 
above, such that additionally each of its terms is a direct sum of AP-projective trivial source 
modules as an 0[G x G']-module; see [3U1 15T] . 

2. Preliminaries 

Lemma 2.1 (Scott). The following holds: 

(i) If M is a trivial source kG -module, then M lifts uniquely (up to isomorphism) to a 
trivial source OG -lattice M . 

(ii) // M and N are both trivial source kG-modules, then [A/, iV] — (Xj^p Xjv)^ - 

Proof. See [271 n Theorem 12.4 and I Proposition 14.8] and [3, Corollary 3.11.4]. □ 

Lemma 2.2 (Linckelmann) . Let A and B be finite- dimensional k-algebras such that A and B 
are both self-injective and indecomposable as algebras, but not simple. Suppose that there is an 
(A, B)-bimodule M such that M induces a stable equivalence between the algebras A and B. 
(i) // M is indecomposable then for any simple A-module S, the B-module (S <S>a M) b is 
non-projective and indecomposable. 



(ii) If for all simple A-module S the B-module S®aM is simple, then M induces a Morita 
equivalence between A and B. 

Proof, (i) and (ii) respectively are given in [29l Theorem 2.1(h) and (hi)]. □ 

Lemma 2.3 (Fong- Reynolds) . Let H be a normal subgroup of G, and let A and B be block 
algebras of OG and OH , respectively, such that A covers B. Let T = Tq{B) be the inertial 
subgroup (stabiliser) of B in G. Then, there is a block algebra A of OT such that A covers 
B, Ia^-a = l^jl^i = lyi; A = A G (block induction), and the block algebras A and A are 
Morita equivalent via a pair (Ia-OG-1^, 1^-OG-Ia), that is, the Morita equivalence is a Puig 
equivalence and induces a bijection 

Irr(I) -> Irr(A), X ^ xf G ; Irr(A) Irr(I), x^xlr^A 

between Irr(A) and Itt(A), and a bijection 

IBr(i) -> IBt(A), 4>^4>t G ; IBr(A) -> IBr(A), </W <^| T -1^ 

between IBr(A) and IBr(A), 

Proof. See [2J 1.5.Theorem] and [33 Chap.5, Theorem 5.10]. □ 

Remark 2.4. In 12.31 A is called a Fong-Reynolds correspondent of A and vice versa. Note 
that there can be more than one Fong-Reynolds correspondent in general. 

Lemma 2.5. Let A and B be finite dimensional k-algebras for a field k such that A and B are 
both self-injective. Let F be a covariant functor such that 

(1) F is exact. 

(2) If X is a projective A-module, then F(X) is a projective B-module, 

(3) F induces a stable equivalence from mod- A to mod-B. 
Then the following holds: 

(i) (Stripping-off method, case of socle) Let X be a projective-free A-module, and write 
F(X) = Y © (proj) for a projective-free B-module Y . Let S be a simple A-submodule 
of X , and set T — F(S). Now, if T is a simple B-module, then we may assume that Y 
contains T and that 

F(X/S) = Y/T ($( W oi). 

(ii) (Stripping-off method, case of radical) Similarly, let X be a projective-free A-module, 
and write F(X) = Y © (proj) for a projective-free B-module Y . Let X' be an A- 
submodule of X such that X/X' is simple, and set T — F(X/X'). Now, if T is a 
simple B-module, then we may assume that T is an epimorphic image ofY and that 

Ker(F(X) -» T) = Ker(Y -» T) © (proj). 

Proof. See HQ 1.11. Lemma] or [25 , A. 1. Lemma]. □ 

Lemma 2.6. Let H be a proper subgroup of G, and let A and B be block algebras of kG 
and kH , respectively. Now, let M and M' be finitely generated (A,B)- and {B ', A)-bimodules, 
respectively, which satisfy the following: 

(1) A M B I l A -kG-l B and B M' A | \ B -kG-\ A . 

(2) The pair {M,M') induces a stable equivalence between mod-A and mod--B. 
Then we get the following: 

(i) Assume that X is a non-projective indecomposable kG -module in A with vertex Q. 
Then there exists a non-projective indecomposable kH -module Y in B, unique up to 
isomorphism, such that (X ©^ M) B = Y © (proj), and Q 9 is a vertex of Y for some 
element g e G (and hence Q 9 C H). Since Q 9 is also a vertex of X, this means that 
X and Y have at least one vertex in common. 

(ii) Assume that Y is a non-projective indecomposable kH -module in B with vertex Q. 
Then there exists a non-projective indecomposable kG-module X in A, unique up to 
isomorphism, such that (Y <S>b M')a = X © (proj), and Q is a vertex of X. 



(iii) Let X,Y and Q ^ H be the as in (i). Then there is an indecomposable kQ-module L 
such that L is a source of both X and Y . This means that X and Y have at least one 
source in common. 

(iv) Let X, Y and Q H be the same as in (ii). Then there is an indecomposable kQ-module 
L such that L is a source of both X and Y . This means that X and Y have at least 
one source in common. 

(v) Let X,Y, Q and L be the same as in (iii). In addition, suppose that A and B have a 
common defect group P {and hence P C H) and that H ^ Nq{P). Let f be the Green 
correspondence with respect to (G,P,H). If Q E 2l(G,P, H), see [39| Chap. 4, §4] then 
we have (X ® A M) B = f(X) (proj). 

(vi) Let X , Y , Q and L be the same as in (ii). Furthermore, as in (v) ; assume that P is a 
common defect group of A and B, and that H ^ Nq(P), and let f and 21 be the same 
as in (v). Now, if Q E %(G,P,H), then we have (Y <X>s M') A = f^ 1 (Y) ® (proj). 

Proof. See [25 s A.3.Lemma]. □ 

Lemma 2.7. Set G = 2ls x G4 = (2ts x 2). 2, where the action on G4 0/2I5 is that G4/G2 acts 
faithfully on 2I5. Let P be a Sylow 3-subgroup o/2ts (and hence P = C3). 

(i) There is a faithful non-principal block algebra A of kG (that is, not having the central 
subgroup of order 2 in its kernel) with defect group P. 

(ii) We can write lrr(A) — {xi>X2,Xa} suc h that Xi(l) = 1? Xa(l) = 4, X3(l) = 5 and 
Xi(w) = X2( M ) = 1 f 0T any element u E P — {1}. Moreover, we can write IBr(A) = 
{fi,f2} such that the 3- decomposition matrix of A is 



(iii) Set H = Ng{P). Then H = ©3 x C4, and let B be a block algebra of kH which is the 
Brauer correspondent of A. 

(iv) Set M — f(A), where f is the Green correspondence with respect to (G x G, AP, G x H). 
Then, M induces a Morita equivalence between A and B ( and hence M induces a Puig 
equivalence between A and B). Furthermore, the simple kG-modules in A affording <pi 
and <p2 are both trivial source kG-modules. 

Proof, (i)-(iii) are easy, (iv) follows from (i)-(iii) and [19l Theorem 1.2]. □ 



Notation 3.1. We introduce some further notation which we use through out the rest of the 
paper. Let G' be the alternating group on 8 letters, namely, G' = Sis- Since Sylow 3-subgroups 
of G' are isomorphic to C3 x C3, we can assume that P is a Sylow 3-subgroup of 2tg as weu ; 
which is originally a defect group of A and also a Sylow 3-subgroup of G = 2.HS, see 14.11 and 
14.31 There are exactly two conjugacy classes of G 1 which contain elements of order 3, that 
is, P has exactly two G'-conjugacy classes of subgroups of order 3, so we call them Q and R, 
see I5.2f ii). and see also (U P-22]. Let H' = N G >(P), and hence H' = P X D s ; note that the 
subgroups of order 3 of P still fall into two -ff'-conjugacy classes. Let A' and B' , respectively, 
be the principal block algebras of kG' and kH' . Thus B' = kH' . 

Lemma 3.2. (i) The 3- decomposition matrix and the Cartan matrix of A' , respectively, 
are the following: 



Xi 

X2 
X3 



1 

1 

1 1 



3. Green correspondences for 2lg 





fa?' 


7 


13 


28 


35 






P(7) 


P(13) 


P(28) 


P(35) 


xi 

X'r 


1 


1 










P{k G >) 


Xu 


1 




1 






k G > 


4 


1 


2 


1 


2 


X20 




1 


1 






7 


1 


4 


2 


1 


2 


X 28 








1 




13 


2 


2 


3 





1 


X35 










1 


28 


1 


1 





3 


2 


X56 


1 


1 


1 




1 


35 


2 


2 


1 


2 


4 


X64 


1 






1 


1 














X70 




1 




1 


1 















(ii) j4Z? simple kG' -modules kc , 7, 13, 28, 35 in A' Ziawe P as their vertices. 
Proof, (i) follows from [12 , A 8 (mod 3)] and 8, p.22], and for (ii) see [H 3. 7. Corollary]. □ 

Notation 3.3. We use the notation XjV'" ,X7o an d fee > 7, 13, 28, 35 as in 13.21 where the 
numbers mean the degrees (dimensions) of characters (modules) . 

Lemma 3.4. The following holds: 

(i) The character table of H' = P X D% = (C3 x C3) x Ds zs given as follows: 



centraliser 


72 


8 


12 


12 


18 


18 


4 


6 


6 


element 


1A 


2A 


2B 


2C 


2>A 


35 


4A 


6A 


6P 


XlQ 


1 


1 


1 


1 


1 


1 


1 


1 


1 


Xib 


1 


1 


-1 


-1 


1 


1 


1 


-1 


-1 


Xic 


1 


1 


-1 


1 


1 


1 


-1 


-1 


1 


XU 


1 


1 


1 


-1 


1 


1 


-1 


1 


-1 


X2 


2 


-2 








2 


2 











Xia 


4 








2 


-2 


1 








-1 


X4b 


4 








-2 


-2 


1 








1 


Xic 


4 





2 





1 


-2 





-1 





Xid 


4 





-2 





1 


-2 





1 






Note that \ib is distinguished amongst the non-trivial linear characters, for example by 
having an element of order 4 in its kernel. 
(ii) H' — Inn(iJ') < Aut(iP) such that \Aut(H')/ H'\ = 2, and any non-inner automor- 
phism of H' induces a non-inner automorphism of D$ = H' / P , and interchanges the 
two conjugacy classes of subgroups of order 3 of P. In particular, there is an induced 
character table automorphism ofliT(H') interchanging 

Xic Xld, Xia Xic Xib ^ Xid- 

(hi) The 3 -decomposition matrix and the Cartan matrix of B' = kH' = k[P xi Ds], respec- 
tively, are the following: 





la 


16 Ic 


Id 


2 






P(16) 


P(lc) 


P(ld) 


P(2) 


Xla 
XU 


1 


1 








P(la) 


Xic 










la 


3 





1 


1 


2 


Xld 






1 




lb 





3 


1 


1 


2 


X2 








1 


Ic 


1 


1 


3 





2 


Xia 


1 






1 


Id 


1 


1 





3 


2 


Xib 




1 


1 


1 


2 


2 


2 


2 


2 


5 


Xic 


1 




1 


1 














Xid 




1 1 




1 















(iv) All simple kH' -modules la, lb, Ic, Id, 2 in B' have P as their vertices. 
Proof, (i) and (ii) follow from an explicit computation with GAP [10], the rest is easy. □ 

Notation 3.5. We use the notation xia, ■ • • , Xid and la = kH', 16, Ic, Id, 2 as in 13.41 where 
the numbers mean the degrees (dimensions) of characters (modules). 



Lemma 3.6. The block algebra B' = kH' = k[P yi Dg] has exactly 18 non-isomorphic trivial 
source modules over k. In fact, they are given in the following list, where the diagrams are 
Loewy and socle series: 



Five PIM's 


P(la), P(lb), P(lc) 


, P(ld), P(2); 










la 




lb 




Ic 




Id 




2 






2 




2 




2 




2 




la 16 Ic 


Id 




la Ic Id 




16 Ic Id 




la 16 Ic 




la 16 Id 


1 


2 2 2 






2 




2 




2 




2 




la 16 Ic 


Id 




la 




16 




Ic 




Id 




2 





(ii) Five trivial source modules with vertex P: The simple modules la, lb, Ic, Id, 2. 

(iii) Eight trivial source modules with cyclic vertex of order 3, where we also give the asso- 
ciated trivial source characters, see l2.ll 



Xla 



la Id 
2 

la Id 






lb lc 
2 

16 lc 


X 

+ Xid + 


Xic 


Xlb 


X 


la Ic 
2 

la Ic 


1 




16 Id 
2 

16 Id 


X 

+ Xlc + 


X4a 


Xlb 


X 

+ Xid + 



2 

la Id 
2 



2 

16 lc 
2 



X2 + Xic 



t 

X2 + Xid 



2 

la lc 
2 



2 

16 Id 
2 



XAb 



X 

X2 + Xia 



X 

X2 + Xib 



Proof, (i) The structure of the PIM's is immediate as soon as we know that ExtJ, ff , (la;, ly) = 
for all x,y € {a, 6, c, d}. This in turn follows from the Ext-quiver of B' , which is given as a 
quiver with relations in [3TJ Section 4, Case 2}. 

To find the non-pro jective trivial source modules, we employ [39, Chap. 4, Exc.10]. From 
that (ii) is immediate. Moreover, this also yields the trivial source characters given in (iii), 
from which it is easy to see, using the vanishing of Ext kH , (lx, ly) again, that the associated 
modules are indecomposable. □ 

Lemma 3.7. An (A' , B')-bimodule M! defined by M! — /(c xG' ap,C xff'l (-^') induces a splen- 
did stable equivalence of Morita type between A' and B' , namely by 

T' : mod-A' -> mod-S' : X A > i— > (X <g) A , M') B '- 

In particular, T' fulfills the assumptions of I2.6L and hence its assertions as well. 

Proof. This follows from [4TJ Example 4.3] and [42l Corollary 2]. □ 

Lemma 3.8. Let f and g' be the mutually inverse Green correspondences with respect to 
(G 1 ,P,H'). Then the Green correspondents of simple modules are the following: 



s'(i«) = 

</(!&) = 

g'iic) = 

g'M = 

g'm = 







X7 




^ X'u + X20 



2N 



X28 



.35 



/'(M = 
TO = 

/'(13) = 



la 
16 



lc 
2 

lc 



/'(28) 



Id 



2 



< - X35 /'(35) 
On the left hand we also give the associated trivial source characters, see 12.11 Recall that by 
considering H' just as an abstract group {lc, Id} are indistinguishable, see 13.4} but now note 
that by fixing H' ^ G' and specifying f, this defines lc and Id uniquely. 

Proof. This follows from [53j Theorem] and [4TJ Example 4.3]. 

4. 3-LOCAL STRUCTURE FOR 2.HS 



□ 



Notation 4.1. From now on, we assume that G is the covering group 2.HS of the sporadic 
simple Higman-Sims group HS, and hence \G\ = 2 10 -3 2 -5 3 -7-ll, see [HI p. 80]. 

Lemma 4.2. We obtain the following: 

(i) In order to prove Broue's abelian defect group conjecture 1 1 . 1 1 and Richard's conjecture 
11.21 for G = 2.HS, it suffices to prove them for the case p — 3. 

(ii) There exists a unique faithful 3-block A with non- cyclic abelian defect group P, and P 
is elementary abelian of order 9, and in order to prove Broue's abelian defect group 
conjecture for G — 2.HS 7 it suffices to prove it for this 3-block A. 

Proof, (i) Since the conjecture is proved when the defect group is cyclic, we know from l4.ll that 
it is enough to check it for the primes p € {2, 3, 5}. For p = 2 it follows from HS, (mod 
2)] that there are a couple of blocks of G and both have non-abelian defect groups. For p = 5 
it follows from [12l HS (mod 5)] that there are a couple of blocks of G which have noncyclic 
defect groups and the defect group is non-abelian. 

(ii) Assume that p = 3. Then, again by [12l HS (mod 3)], there are three 3-blocks of G 
which have noncyclic defect groups. Those 3-blocks have defect groups which are elementary 
abelian of order 9. Two of them are non- faithful and therefore these two blocks show up in HS. 
For the principal 3-block of HS, the conjectures have been checked by Okuyama [41] Example 
4.8]. For the non-principal 3-block of HS, they have been verified in our previous paper [20[ 
0.2 Theorem(ii)]. Thus, the remaining untreated case is a unique faithful 3-block A of G with 
noncyclic defect group. □ 

Notation 4.3. From now on, we assume p = 3 and we use the notation A and P as in 14.21 

that is, A is a block algebra of kG with defect group P = C3 x C3. Set N = Ng(P), and let 
An be a block algebra of kN which is the Brauer correspondent of A. Let (P, e) be a maximal 
A-Brauer pair in G, namely, e is a block idempotent of kGc{P) such that Brp(l J 4)-e = e, see 
OP, [6] and [521 §40]. Set H = N G (P,e), namely, H = {g e NdP^g^eg = e}. Let B be a 
block algebra of kH which is a Fong- Reynolds correspondent of Am, see 12.31 note that there 
are exactly two distinct Fong- Reynolds correspondents of Am, see I4.9f in"). 



Lemma 4.4. (i) The 3- decomposition matrix of A is given as follows: 



degree 


p.81] 


Si 


S*2 — Si* 


s 3 


S4 


s 5 


176 


X26 


1 










176* 


X27 




1 








616 


X28 


1 




1 






616* 


X29 




1 


1 






56 


X25 








i 




1000 


X32 










1 


1792 


X35 


1 


1 


1 




1 


1232 


X33 


1 






i 


1 


1232* 


X34 




1 




i 


1 



where Si,-- - , S5 are non-isomorphic simple kG-modules in A whose k-dimensions 
are 176, 176, 440, 56, 1000, respectively. The simples Si and S2 are dual to each 
other, while the remaining are self-dual. There are three pairs (X267X27), (X287X29) cmd 
(X33:X34) of complex conjugate characters, and all the other Xi's are real-valued. 

(ii) All simple kG-modules Si, ■ ■ ■ , S5 in A have P as a vertex. 

Proof, (i) follows from [12, HS (mod 3)] and 8, p.81], and for (ii) see [HI 3. 7. Corollary]. □ 

Notation 4.5. We use the notation \26, X27, X28, X29, X25, X32, X35, X33, X34, and Si,-- - , S 5 as 
in IOI 

Lemma 4.6. The following holds: 

(i) N = N G (P) = 2.(2 x (P x SDie)) = P x L for a subgroup L of N with \L\ = 2 6 such 

that L t> Z = C4 and L/Z = SDiq. Moreover, L/Z acts non-trivially on Z , with kernel 
isomorphic to D%. (Recall that SDiq has a unique subgroup isomorphic to Dg.) 

(ii) Cg(P) — Z x P and L/Z acts faithfully on P. (Note that SDiq is a Sylow 2-subgroup 
°/GL 2 (3).j 

(iii) Z = Os>(Cg(P)) = 03'(N), and we can write Irr(Z) = {ipo,ipi,ip2,'>p3} such that 
ifii(z) = \J — 1 1 for i = 0, 1, 2, 3, where z is a generator of Z = C4, and y— I G O is a 
fixed 4-th root of unity. Moreover, we have Tjv(V'i) — G for i, = 0, 2, while for j = 1, 3 
we have 

T N {ijji) = T N {ip 3 ) $ G such that T N {^)/C G {P) 5* D 8 . 

(iv) kN = Ao © © A^v as 6/ocfc algebras, having inertial quotients SDiq, SDiq and 
D^, respectively. Here, Ao is the principal block algebra of kN, covering ?po, while A2 
covers fa; hence An is the faithful block algebra being the Brauer correspondent of A. 
Moreover, Aq = A2 = k[P x SDiq] as k-algebras, and 

A N = Mat 2 (fe[P x D 8 ]) 

as k-algebras, where An has k[P x Dg] as its source algebra. 

(v) The 3 -decomposition matrix of An is given as follows: 





2a 


2/3 


27 


26 


4 


X2a 




1 










X2/3 


= X2a 




1 








X2 7 














X2S 










1 




X4 












1 


X8a 




1 








1 


X8/3 






1 




1 


1 


X87 


= X 8 /3 


1 






1 


1 


X85 


= X 8 Q! 




1 


1 




1 



where the numbers mean the degrees (dimensions) of characters (modules). Note that 
2/3 = 2a* and that 2j, 26 and 4 are all self-dual, but apart from this the characters of 



degree 2 are indistinguishable: Apart from the character table automorphism o/Itt^An) 
induced by complex conjugation there is another one interchanging 



X2 7 <"» X2S, XSa <-> X87, X8/3 ^ X8<5- 

Proof, (i)-(ii) follow from explicit computation with GAP [10] , and (iii) is an immediate conse- 
quence. 

(iv)-(v) It follows from (iii) and [36j Theorem 2] that kG = Aq © A-i © An where 
A a = Mat lG:TG ^ oMoW (k a [T G (i; )/Z}) S k a [P x SD 16 ], 

Ai Si Mat| G:TG(V)2) | V , 2(1) (/c' 3 [T G (^ 2 )/Z]) = k?[P x SD W ], 

A N = Mat| 0!3bWl) |^ (1) (*T[To(^i)/Z]) S Mat 2 (V[P x D 8 ]), 

as fc-algebras, for some a,/3 e H 2 (5£>i 6 , fc x ), and 7 G H 2 (D 8 ,fc x ). Since H 2 (S'D 16 , k x ) = by 
[21 Proof of Corollary (2J)], we can assume a — (3 — \. 

On the other hand, \H 2 (D 8 ,k x )\ — 2 by [11, V Satz 25.6]. But now the assertion in (v) 
follows by explicit computation with GAP [TU], in particular we get that there are 9 irreducible 
ordinary characters belonging to An, and 5 irreducible Brauer characters. Hence, by [141 Page 
34 Table 1] we infer 7 = 1. Finally, the statement about source algebras follows from [43J 
Proposition 14.6], see [52 (45.12)Theorem] and Theorem 13]. 

Note that the decomposition matrix of An given above coincides with that of B' in 13.41 
This will of course turn out to be no accident, but by the current state of knowledge we cannot 
avoid the explicit computation to proceed as above. □ 

Notation 4.7. We use the notation L and Z, as in 14.61 Moreover, let z be a generator of 
Z = C 4 . We also use the notation x 2q , X2/3, X27, X2S , Xi, Xsa, Xsp, X87, X8«5 and 2a, 2/3, 27, 26, 4 
as in 14.61 

Lemma 4.8. The block algebra An has exactly 18 non-isomorphic trivial source modules over 
k. In fact, they are given in the following list, in which the diagrams are Loewy and socle series 
and we use the same notation as in 14.71 

(i) Five PIM's: P{2a), P{2/3), P(2j), P(25), P(4). 



2a 




2/3 




2 7 




26 




4 


4 




4 




4 




4 




2a 2(3 27 26 


2a 2 7 26 




2(3 2 7 26 




2a 2/3 27 




2a 2(3 26 




4 4 4 


4 




4 




4 




4 




2a 2/3 2 7 26 


2a 




2/3 




27 




26 




4 



(ii) Five trivial source modules with a vertex P: 2a, 2(3, 2"f, 26, 4. 

(iii) Eight trivial source modules with cyclic vertex of order 3, where we also give the asso- 
ciated trivial source characters, see 12. 11 



2a 26 
4 

2a 26 


3 




2/3 2 7 
4 

2/3 2 7 


1 


4 

2a 26 
4 , 


4 

2/3 2 7 
4 


t 

+ X25 + 


X87 


X2/3 


+ X27 + 


X 

X8S Xi + X87 


X 

Xi + Xss 


2a 27 
4 

2a 27 


) 




2(3 26 
4 

2/3 28 


) 


4 

2a 27 
4 


4 

2(3 26 
4 


X 

+ X27 + 


X8a 


X2/3 


X 

+ X2S + 


X 

X$f3 X4 + XSa 


X4 + X8£ 



Table 1. G' = 2l 8 as a subgroup of G = 2.HS. 



G = 2.HS 



AT = 7V G (P) = 2.(2 x (P x 5£>i 6 )) 




2 


P = N G {P,e) = Z x (P XI D 8 ) 




8 


P' = 




C G (P) =ZxP 



P' = N G ,(P) = P x D 8 



P = C G >(P) 



□ 



Proof. This follows from 13.61 and 14761 iv). 

Lemma 4.9. TTie following holds: 

(i) H = Z x (P xi D 8 ) = C G (P) x P 8 , /jence H <i N such that \N/H\ = 2. 

(ii) We have the block decomposition 

kH = Bo © Pi © P 2 © P 3 , 

where the block Bi covers ipi £ Irr(Z), /or i = 0, 1, 2, 3. 

(iii) Hence both B\ and P3 are Fong- Reynolds correspondents of An , see 14.31 

(iv) We can write IBr(Pi) = {l«i, lft, I71, lo"j, 2b;}, for i = 0, 1, 2, 3, so £/iai we /iai>e 

2x|^ = lxi © 1x3, for each x <G {a, /?, 7, <5}, and &\. H — 2b 1 © 2s 3 . 
Proof. This follows from SH and HH □ 
Notation 4.10. We use the notation lcti, 1/3,, 17,, , 2^ as in 14.91 

Lemma 4.11. The following holds: 

(i) TTie group G = 2.HS /ias a unique conjugacy class of subgroups isomorphic to G' — 2l 8 . 

(ii) Fixing an embedding of G' into G, and a Sylow ^-subgroup P of G' , we have the con- 
figuration of groups as depicted in Table [TJ where the numbers between two boxes are 
indices between the two corresponding groups. 



Proof. This follows from pp.80-81] . IBTTl I4TB1 and [479 



□ 



Remark 4.12. In view of the group theoretic configuration given in 14. Ill a few more detailed 
comments on how computations in GAP 110) are actually done are in order: 

The starting point is the smallest faithful permutation representation of G on 704 points, 
available in terms of standard generators, see [54], in [57]; we choose this realisation of G once 
and for all. Moreover, there is a maximal subgroup of G isoclinic to © 8 x 2, a generating set 



of which in terms of the standard generators of G is available in [ST] as well. Hence going over 
to the derived subgroup of the latter, we find a subgroup G' ^ G isomorphic to 2l§; we keep 
G' fixed all the time. Finally, we compute a Sylow 3-subgroup P of G', and keep this fixed as 
well. Since the other groups appearing in the diagram in 14.111 are uniquely determined from 
this by group theoretic properties, we have thus achieved a concrete realisation of the above 
configuration of groups. 

Using this setting we have all kinds of computational tools at our disposal: In particular, 
we are able to compute the ordinary and Brauer character tables of the groups N, H, and H' 
explicitly, as well as the restriction or induction of characters between these groups. Moreover, 
we may fetch representations of G and G' from [57], or compute them using the MeatAxe [48 , 
and restrict them explicitly to N, H, and H' , respectively, in order to analyse the restrictions 
with the MeatAxe 3S] and its extensions. 

Note that the explicit results in 13.41 and 14.61 have been obtained in that setting already. 
Moreover, by restricting the representation 28, see 13.31 from G' to H' we are able to compute 
its Green correspondent /'(28), see 13.8) and thus to identify the representation Id, see 13.51 In 
the same spirit we obtain the following, where we recall that so far, we are not able to tell 2j 
and 25 apart, see I4.6f v): 

Lemma 4.13. The following holds: 

(i) Fori = 1,3 the restriction functor Resijy/ induced by the (Bi, B')-bimodule Bi{Bi)B' 
induces a Puig equivalence mod-Si — > moA-B' . 

(ii) {la 1 l H ,,la 3 l%,} = {la, lb} = {lj3i{% where la. t {.% ^ 1/3^,; hence 

2a\%, = (2c?)±%, = 20±%, = la® lb. 

(iii) I7 := lji], H , = Ij^Ih' an d ^ := ^l-lw = 1^34\ff'> where {I7, 15} — {lc, lei}; hence 

2ii%, = I7 © 17 and 251%, =18® 15. 

(iv) 2 Bl |g, = 2 B3 ±%, = 2; hence A\%, =202. 

Proof. Most of the assertions follow from l4.9l while the identification of the explicit restrictions 
lxi]^,, for x € {a, p, 7, 6}, follows from explicit computations in GAP [TU]. □ 

5. Stable equivalences for 2.HS 

Notation 5.1. Recall, first of all, the notation G, A, P. N, H, B, e as in 14.11 14.31 and 

14.71 Let i and j respectively be source idempotents of A and B with respect to P. As 
remarked in [3TJ pp. 821-822], we can take i and j such that Brp(i)-e = Brp(z) ^ and that 
Bv P {j)-e = Brp(j) ^ 0. Set G P = C G {P) = C H {P) = H P . 

Moreover, letting Q ^ P be a subgroup of order 3, we set Gq = Cg{Q) and Hq = Cr{Q)- 
By replacing eQ and /q (if necessary), we may assume that e<j and /q respectively are block 
idempotents of IcGq and IcHq such that eQ and /q are determined by i and j, respectively. 
Namely, Br Q (i)-e Q = Br Q (i) and Br Q (j)-f Q = Br Q (j). Let A Q = kG Q -e Q and B Q = kH Q -f Q , 
so that e Q = 1 Aq and f Q = 1 Bq - 

Lemma 5.2. The following holds: 

(i) All elements in P — {1} are conjugate in N , and hence in G; actually P — {1} C 3A, 
where 3A is a conjugacy class of G following the notation in [8, pp. 80-81]. Thus all 
subgroups of P of order 3 are conjugate in N, and hence in G. 

(ii) The elements in P — {1} fall into two conjugacy classes of H. Thus P has exactly two 
H -conjugacy classes of subgroups of order 3; we call them Q and R. Note that we can 
use the same notation Q and R as m l3.11 

(iii) H Q = C N {Q) = ZxQx& 3 andH R = C N (R) = ZxRx& 3 , so thatH Q /Q = C" 4 x © 3 
and Hr/R = C 4 xS 3 . 

(iv) G Q = Q x (2l 5 x Z) = Q x (2l 5 x 2). 2, so that Gq/Q = (2l 5 x 2). 2. 

Proof, (i)-(iii) follow from 14.61 and 14.91 (iv) follows from an explicit computation in GAP 

ma- □ 



Lemma 5.3. Let A4q be the unique (up to isomorphism) indecomposable direct summand of 
^Q^Gq^xHq'^Bq with vertex AP. Then, a pair (Mq,Mq) induces a Puig equivalence between 
A Q and Bq. 

Proof. Note first that M.q exists by [221 2. 4. Lemma]. Then using IBTSl ni) and (iv), as well 
as I2.7( iv). the assertion follows as in [22j Proof of 6. 2. Lemma], by going over to the central 
quotients Gq/Q and Hq/Q and their blocks dominating Aq and Bq, respectively, and applying 
PH 1.2.Theorem] and [II Theorem]. □ 

Lemma 5.4. The (A, B)-bimodule 1^-fcGTs has a unique (up to isomorphism) indecomposable 
direct summand Ai with vertex AP. Moreover, the functor 

F : mod- A mod-B : X A ^ {X ® a M)b 

induces a splendid stable equivalence of Morita type between A and B. In particular, F fulfils 
the assumptions of I2.6L and hence its assertions as well. 

Proof. Note first that, again, a-Mb exists by [221 2. 4. Lemma]. Then the assertion follows 
as in [221 Proof of 6. 3. Lemma], by applying [23j Theorem] in order to make use of 15. 3[ and 
using gluing through [31] 3.1. Theorem]; note that the fusion condition in the latter theorem is 
automatically satisfied by [HJ 1.15. Lemma]. □ 

Notation 5.5. We use the notation M. and F as in !5.4l 

Lemma 5.6. The following holds: 

(i) The {A, Aff)-bimodule lA'kGAA N has a unique (up to isomorphism) indecomposable 
direct summand Mn with vertex AP. Moreover, the functor 

Fn ■ mod-^4 —> mod-^Ar : Xa h- (X ©^ M-n)a n 

induces a splendid stable equivalence of Morita type between A and An- In particular, 
F fulfils the assumptions of !2.6l and hence its assertions as well. 

(ii) Suppose that X is an indecomposable kG -module in A such that a vertex of X belongs to 
2l(G, P, N), and let F{X) — Y © (proj) for a non-projective indecomposable kH -module 
Y in B, and Fn{X) = f{X) © (proj), where f denotes the Green correspondence with 
respect to (G,P,N). Then, f(X) is the correspondent of Y with respect to the Pong- 
Reynolds correspondence between B and An, namely f(X) = Y^ N . 

Proof, (i) follows by Eland HH and (ii) follows fromHHl □ 
6. Images of simples via the functor Fn 

Notation 6.1. For brevity, let F :— Fn ■ mod - A — > mod - An denote the functor given in 
15.61 Recall that F(X) = f(X) © (proj), where / is the Green correspondence with respect to 
(G,P,N), whenever the Green correspondent f(X) is defined, see I5.6r ii) . 

Lemma 6.2. The simples Si and S2 are trivial source kG -modules. 

Proof. By [H p. 80] G has a subgroup U with U = 1/3(5). Then, by a computation with GAP [10 , 
we know \u\ G Tyi = X26 + X27- Therefore there is a fcG-module X such that X = {ku\ G Aa) 
and X is liftable to an OG-lattice affording \2& + X27- Thus bv l4.4[ it holds that X = Si + S2, 
as composition factors. jFrom [271T ii). we have dimfe[Endfec(X)] = 2. Hence, X — Si ©£2 since 
Si is not isomorphic to S2. □ 

Lemma 6.3. The simple S4 is a trivial source kG-module. 

Proof. By [51 p. 80] G has a subgroup M with M = M n . Then, again by a computation with 
GAP [10], it holds that l M t G 'U - X25 + X26 + X27 + X28 + X29- Set X = k M t G -l A - Thus 
it follows from [23 I Theorem 17.3] that X has a submodule S such that S «-» X25- By 14.41 
S = S4 and X = 2 x Si + 2 x S2 + 2 x S3 + S4 as composition factors. Therefore the self-duality 
of S4 and X implies S X . □ 



Lemma 6.4. The simple S5 is a trivial source kG-module. 



Proof. As before it follows from [5J p. 80] that G has a maximal subgroup M such that M = 
2.M 22 and \G : M\ = 100. By [8] p.39] and [HI M 22 (mod 3)], we know that M has a 3-block 
A (which is called "Block 6" in |12[ M 22 (mod 3)]) such that A has a defect group P with 
P = C3 x C3, where we can assume P = P. Moreover, A has an irreducible ordinary character 
X13 of degree 10, and A has a simple /cM-module S of dimension 10 corresponding to X13. 
Now, it follows from [9] Proposition 3.19] that S has a trivial source. On the other hand, a 
computation in GAP [10] shows Xiz\ G = X32- Therefore 14.41 yields that S5 = Sf also has a 
trivial source. □ 

Lemma 6.5. We can assume that /(Si) = 2a and /(S 2 ) = f(S*) = (2a)* = 2/3. 

Proof. It follows from 16.21 14.41 and [301 Lemma 2.2] that /(Si) and /(S 2 ) are simple, so 
{/(Si),/(S 2 )} C {2a, 2/3, 2 7 , 25, 4}. Then, since 2 7 ,25,4 are self-dual and 2/3 = (2a)* by 
HTBTv). and since S 2 = Si* by [13 it holds that {/(Si), /(S 2 )} = {2a, 2/3}. Thus we get the 
assertion. □ 

Lemma 6.6. We can assume that 

/(S 4 ) = 25 and /(S 5 ) = 4. 

Recall that by considering N just as an abstract group {27, 25} are indistinguishable, see !4.6f vb 
_B«i fixing N ^ G and specifying f serves to identify the latter uniquely. 

Proof. It follows from ES [63|6l5l Ha and @3 Lemma 2.2] that {/(S 4 ), /(S 5 )} C {2 7 ,25,4}. 
Now, by Hi] and Sylow's theorem, we have \G : N\ = 1 (mod 3). Set T l = f(S l ) for i = 4,5. 
By the definition of Green correspondence, T^ G = S5 ® X for a fcG-module X such that X is 
Q-projective. Hence, by 14.11 and [39l Chap. 4, Theorem 7.5], it holds that 

dim(S 5 ) = dim(T 5 t G ) = dim(T 5 ) -\G:N\ = dim(T 5 ) mod 3, 

and dim(S 5 ) = 1000 = 1 mod 3. Thus, T 5 = 4, so that T 4 G {2 7 , 25}. □ 

Lemma 6.7. Using the assumption of 16. 6} /iota's that 



/(S 3 ) 



27 
4 

27 



Proof. As noted in the proof of 16.41 G has a maximal subgroup M such that M = 2.M 22 and 
\G : M\ = 100. By [8] p.39] and [H M 22 (mod 3)], we know that M has a 3-block B (which is 
called "Block 7" in [12] M 22 (mod 3)]) such that B has a defect group Q with Q = C3, where we 
can assume Q = Q. Moreover, B has an irreducible ordinary character \16 of degree 120, and 
B has a simple fcM-module T of dimension 120 corresponding to ^16- Now, it follows from [9] 
Proposition 3.19] that T is a trivial source module with vertex Q. Hence the indecomposable 
summands of X := T^ G ■ 1^ have a trivial source as well, and are Q-projective. On the other 
hand, a computation in GAP [TO] says that 

A <-» Xiet G • 1a = X26 + X27 + X28 + X29- 

Therefore. 14.41 yields that X = 2xSi+2xSi* + 2xS3as composition factors; note that this 
shows that X is projective- free. Recall that X26 Si and \28 Si + S3. Hence, it holds by 
12.11 16.21 and 14.41 that, as fc-spaces, 

Hom feG (Si,A) = Hom feG (Si*, A) = Hom fcG (A, Si) £* Hom fcG (A, Si*) S fe, 

Hom fcG (S 4 ,A) = Hom fcG (S 5 , A) = Hom fcG (A,S 4 ) - Hom feG (A,S 5 ) = 0. 
Moreover, it follows from [57] II Lemma 2.7 and Corollary 2.8] . 16.5 1 and 16. ll that, as fc-spaces, 

Hom few (F(A),2a) £* Hom^(F(A), 2a) « Hom feG (A,Si) S Hom feG (A,Si) « fc. 



Similarly, we get Honifejv(F(X), (2a)*) = k. Using [6761 in the above proof, we obtain 

Eom kN {F(X),25) = Rom kN {F{X),A) = Kom kN {25, F(X)) = Hom kN (4, F(X)) = 0. 

Then, let Y be an indecomposable direct summand of X with Si (Y/rad(Y)), hence Y 

is non-projective. This means that we can write F(Y) = U © (proj) for a non-projective 
indecomposable fciV-module U in An , where by 12.61 we infer that U is a trivial source kN- 
module with vertex Q, since T has vertex Q and Y is non-projective. Moreover, from 

F{X) = F(Y) © (module) = U © (proj) © (module), 

|and[6m we get Hom feJV (-F(y),25) = Hom fcA ,(F(F), 4) = and 

Uom kN {U,2a) Hom feAr (C/, 2a) ^ Hom ^ (F(y), 2a) 



Hom )tG (y,5' 1 ) S Honufc G (y,5i) = fc. 



Thus, from 



iii) we conclude that 



U = 




Since U 



F{X) and X is self-dual, by [23 A.2.Lemma] we have !7* F(X)* = F(X*) = F(X) 
as well. Since 17 is not self-dual, this yields that 

F(X) = [/©[/*© (module) © (proj) 
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(2a)* 
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(module) @(proj), 



Note that since X is Q"P r °j ec tive, neither Si nor Si* can possibly be a direct summand of X 
by I4.4f ii). Hence it follows from the stripping-off method, see 12.51 that there is a sub-quotient 
module Z of X such that Z = S3 + S3 as composition factors, and such that 







2 7 






F{Z) = V © V* © (module) © (proj), 


where V = 




4 


2 7 



Since F induces a stable equivalence by 16.11 we conclude that Z is decomposable, that is 
Z = S3 © S3, which implies that F(S 3 ) © F(S 3 ) = V © V* , since -F(S 3 ) is indecomposable by 
I2.2f i). Hence we infer that V = V* is indecomposable, having Loewy and socle series 



V 



2 7 
4 
2" 



Note that (although we do not need this fact) the above analysis also shows that 





Si 




s* 


X = 


S3 
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S3 




Si 


s* 



□ 



7. Proof of main results 
Lemma 7.1. Keeping the setting in 14. Ill fixed, we have 



25\%, = IS 8 IS = Id 8 Id and 2 7 |^, = 1 7 © 1 7 = lc © lc 



N 



Proof. By 14.131 we have to show that IS = Id. In order to do so, we employ the /cG-module 
54, for which we first show that = 28 ©28: By an explicit computation with GAP [10] we 

know that S^q, = 2 x 28 as composition factors, see 14.41 and 13.21 Hence we are done as soon 
as we show that Extfc G / (28, 28) = 0. This in turn is seen as follows: Since by 13.71 the functor 
J-' commutes with taking Heller translates in the stable module categories, we have 

Ext* G ,(28,28) = Ext^,(^(28),^'(28)) = Ext^, (Id, Id) = 0, 

by making use of 13.81 and the vanishing result in the proof of 13.61 (As an alternative, the 
vanishing of Extfc G , (28, 28) can also be found in [511 Appendix p. 3115].) 
Now, on the one hand we get by 13.81 that 



sec 



/'(28) © f(28) © (2)(G', P, ff')-proj) y 
=ld © Id © (2)(G', P, H'yproj), 
Chap. 4, §4]. On the other hand, we get from 16.61 that 

Sd H > =SaIn±h> = (f(St) © (2)(G,P,7V)-proj))v 

= (25©(2)(G,P,iV)-proj))4 H , 

=(lS®lS)®(%(G,P,N)-pmjy H ,. 

Therefore, by comparing the vertices of the indecomposables showing up above and by Krull- 
Schmidt's theorem, we finally know that IS — Id. □ 

Lemma 7.2. The blocks A and A' are Morita equivalent induced by an (A, A')-bimodule which 
is AP -projective and is a trivial source module as an 0[G x G']-lattice. 

Proof. First of all, A and A' are splendidly stable equivalent of Morita type by either of the 
(A, .4')-bimodules 

Mi = A (M ©b Bi ® B > M' V ) A >, 
where M and M' are the same as in 15.41 and 13.71 respectively, and i = 1,3 by 14. 13( 1). Hence, 
the following holds from [3T8l [5T6T ii1 as well as 16751 [6751 [6771 l47T37 iiHiv) and [771] 
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mod-Bj 
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Note that, by |3.6f i). the P'-module J 7 ' (13) is uniquely (up to isomorphism) determined by its 
Loewy series; hence we indeed have 

Therefore we finally get that A and A' are Morita equivalent by I2.2f ii). More precisely, we 
know also that the Morita equivalence is given by either of the bimodules Aii, satisfying the 
properties desired. □ 

Remark 7.3. A remark on the strategy employed in the proofs of I7.ll and l7.2l is in order: 

(a) To derive FTTH we use the full strength of l4.11l Indeed, using an embedding W ^ G' and 
the Green correspondence /', we have defined Id, see 13.81 and similarly, using an embedding 
H ^ N ^ G and the Green correspondence /, we have defined 18 see !6.6l But from that alone 
we would only be able to conclude that {I7, 15} — {lc, Id}, see 14.131 Now only additionally 
using an embedding G' < G, entailing a compatible embedding H' ^ H, we are able to conclude 
as in the proof of 17. H whose starting point is restricting S4 from G to G'. 

(b) In order to be able to proceed as in the proof of 17.21 we have to ensure that the functor 
induced by M.i maps simple A-modules to simple A'-modules, which happens if and only if 

Res4.g,(J"(S , 4 )) = Resi.f,(l<y =18 = U= J* (28), 

which is proved by the full strength of 17.11 Without using the explicit configuration of groups 
in !4.11l we only know IS £ {lc, lc?}. (Note that this phenomenon has also been observed in [22l 
6. 14. Question].) As an alternative we would have to proceed as follows: 

Bv l3.4f ii) there is an outer automorphism of H', hence inducing a Morita self-equivalence of 
of kH' = k[P x D 8 ], interchanging lc o Id. Twisting the bimodule M.i accordingly then still 
yields a Morita equivalence between A and A'. But the outer automorphism applied necessarily 
changes the structure of kH' , which is its own source algebra, as an interior P-algebra; in other 
words, the twisted bimodule then no longer is AP-projective, hence it does no longer induce 
a Puig equivalence between A and A'. Thus, as already indicated in ll.6f a) we would end up 
with the weaker statement in 17.21 only saying that A and A' are Morita equivalent. 



Proof of 11.51 By 11.81 the assertion of 17.21 is equivalent to saying that A and A' are Puig 
equivalent. Moreover, the two choices of A4i, for £ = 1,3, account precisely for the two bijections 
between the simple A- and A'-modules as described in ll.6f b). □ 

Proof of 11.31 This follows from II. 5*1 since by [41j Example 4.3] and [42j Theorem 3] the block 
algebras A' and B' are splendidly Rickard equivalent, and bv !4.13f i) and !2.3l the block algebras 
B' and B are Puig equivalent. □ 

Proof of fO] This follows from fTl and HH □ 
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